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Algebraic semantics: A Bl-algebra is an algebra
A= (A N, Vv_)v—l—vJ—v*v_*a ]-)
where:

- (A, A, v,—, T,1)is aHeyting algebra
- (A, =, 1) is a commutative monoid
- = is residuated by —x:

Ty < z iff y< T —* 2.
Fact - o =9 iff Bl = ¢ <.
We use: £ T = ¢ iff BI B ).

Goal: Prove (un)decidability of Bl-provability.
We prove undecidability for Bl ¥ 1.
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Upper bound

Recall: A=A A v,—> T, L s —1)
The Bl-algebra P, (N)*
Let P,(N) := {X < N | X is finite} and
Pw(N)+ = (P(Pw(N))7 n, Y, H,Pw(N), @, *, =k, {@})7

where
- — is Boolean implication: X - Y := X“uY
- % is point-wise union: X «Y :={z vy |xe X,yeY}
- —xistheresidual of x: X —« Y :={z |forallze X: zuz e Y}.

Observe that P,,(N)* is a BBl-algebra.
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% IS not assumed commutative, so — splits into two divisions \, /.

A isanalgebra A = (A, A, v,—, T,1,-\,/,1) where:
- (A, A, v,—,T,1)is aHeyting algebra
- (4,-,1) is a commutative monoid
- -isresiduated by \,/: =z-y<z Iiff y<z\z iff z<z/y.

A weaker setting suffices:

A is an algebra
(A, A, v, T, L=\, /)
where:
- (4, A, v, T,1) is a Heytingatgebra bounded distributive lattice
- (4,) is a commutative-moenotd semigroup
- - is residuated by \,/

- —: A— Alisdisjointive: x A -z = 1. 4
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- A'Wang tile is a square with colors on each side.

- The tiling problem: Given a finite set of Wang tiles W, is it possible to
tile the first quadrant N x N so that adjacent tiles match along their
shared edges

- Introduced by Wang (1961, 1963) and proven undecidable by Berger
(1966).
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Figure 1: Wang tiles Figure 2: A tiling of the plane
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Fiosures taken from: https://en.wikipedia.ore/wiki/Wang tile
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Other Consequences

Theorem (Kurucz et al. '95, Brotherston & Kanovich '10, Larchey-Wendling
& Galmiche 10, SBK '25a)

BBl is undecidable.

Kozak '09 showed that the variety of distributive residuated lattices
has a decidable equational theory. Compare:
Theorem

The variety of disjointive distributive residuated lattices has an
undecidable equational theory.

That is, the mere presence of an operation — with x A —xz = L is
enough to cross from the decidable to the undecidable.
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given by (disjointive associative) frames
&= (S,0,N):
- 0: 82 — P(S) is associative: (xoy)oz==xzo0 (yo 2)
- N :P(S) — P(S) is disjointive: X n N(X) = &.
(oisliftedtoY,Zc SbyYoZ:={xeS|IyeY,ze Z:xeyoz})

Given (§,V), set:

sl-p iff  seV(p)

sk-p i seN(lgl)

slFpnanty iff siFe and s

slovy iff  sike or siEY

sl \y iff Vz,zeS:ifzxl-ypandzexos, thenzI-y
sl-v/e iff Vy,zeS: ifylkeandzesoy,then z |- .
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Facts:

1. Po(N)* £ ¢ if (@and only if) (P,(N), U, ) ¥ ¢
2. There is A & o (if and) only if there is § & ¢
So we prove:

1. If W tiles N?, then (P,(N), U, ©)  dy.

2. If § # ¢y, then W tiles N2
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Figure 3: Staircase of grid points.
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Lemma 2: N? construction

Grid points through associativity:

{m,n + 1) W {m+1,n+1) {m,n + 1>m<m+1,n+l>

1 1
E Yn+1 Yn+1 Yn+1 E Yn+1
1 1
<m7n> Trmtl <T)’L+1,’I’L> <m7 n> _%;7;_1__ <m+17n>
(Im-&-l o <m7 TL>) O Yn+1 < Tm+1 © (<m7 Tl> o yn+1) ([eft)

(Tms10{m, 1)) 0 Ynt1 2 Tmy1 © ({M,N) 0 Yny1) (rlght)

1






Method

- Reduction from Wang Tiling
- Encoded in relational semantics



Method

- Reduction from Wang Tiling
- Encoded in relational semantics

Scope clarified algebraically



Method

- Reduction from Wang Tiling
- Encoded in relational semantics

Scope clarified algebraically
Highlights

- Bl is undecidable



Method

- Reduction from Wang Tiling

- Encoded in relational semantics
Scope clarified algebraically
Highlights

- Bl is undecidable

- GBI is undecidable

- BBl is undecidable (old result, new proof)



Method

- Reduction from Wang Tiling
- Encoded in relational semantics

Scope clarified algebraically
Highlights

- Bl is undecidable

- GBIl is undecidable

- BBl is undecidable (old result, new proof)

- The variety of (disjointive) distributive residuated lattices is
(un)decidable.
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Let L be a bounded distributive lattice.
Consider:
(L,\,/,—) (this work)
(L,-, ) (SBK 2025a)
(L,\) (SBK 2025b)



Thank you!



